Stimulated by the quantum generalization of the canonical representation theory for Gaussian processes in Ref. 1, we first give the representations (not necessarily canonical) of two stationary Gaussian processes X and Y by means of white noises qt and pt with no assumptions on their commutator. We then assume that qt + ipt annihilates the vacuum state and prove that the representations are the joint Boson-Fock ones if and only if X and Y have a scalar commutator.
Introduction
The structure theory of stationary stochastic processes and its closed connections with complex analysis (cf. Refs. 2, 4 and Sec. 1 below) are now well understood. The program to extend this to that of the quantum case has been proposed in Ref. 1. Recall that any classical stochastic process X t can be realized as an operator on a Hilbert space H with a unit vector Φ through the relation Φ, f(X t )Φ = E[f (X t )] for any Borel function f of the process X t such that Φ is in the domain of f (X t ).
In the general case, we will identify a stochastic process with a family of symmetric operators X t defined on a common dense subspace of a Hilbert space H. A process is called classical if the operators X t commute in the sense that X s ξ, X t η = X t ξ, X s η , for each ξ, η in the common domain and for each real s, t. If Φ is a vector in this domain, the Φ-marginal distribution of a classical process X t are defined by (0). In this sense one can speak of Φ-Brownian motion. In Sec. 1, we review some properties on the canonical representation of classical stationary processes. From the viewpoint of the canonical representation theory, the most remarkable facts are that a stationary process always has the canonical representation and that the canonical representation kernel can be constructed by its spectral density function.
In Sec. 2, we recall some results obtained in Ref. 1 . We give a necessary condition on the commutator of two given stationary processes, for the existence of a quantum canonical representation in the sense of Ref. 1. Section 3 is the main part of this paper. We find that a standard Φ-white noise with a scalar commutator is nothing but a Boson-Fock white noise. Consequently, if two given stationary processes have a scalar commutator, their representations by standard white noises are already a joint Boson-Fock representation. This result means that the necessary condition obtained in Sec. 2 is also sufficient.
Classical Case
It is known that every purely nondeterministic mean-continuous stationary centered Gaussian process Y t can be expressed as
where w u is a standard white noise and F is a square-integrable function with support in [0, ∞). This representation is called a moving average representation. From the viewpoint of the canonical representation theory, 4 the most remarkable point for a stationary process is that it always has a canonical representation. That is to say, among the representations of the form (1), there exists an essentially unique representation satisfying B t (Y ) = B t (B) (= B t (w)) for each t ∈ R, where B t (Y ) is the σ-field generated by Y s , s ≤ t.
In this case, it is known that the spectral measure is absolutely continuous and that its spectral density function h(λ) satisfies
In the above, the spectral measure stands for the measure whose 
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where γ is a real constant, Π is a Blaschke product, α is a non-negative constant and β is a nondecreasing function of bounded variation with derivative vanishing almost everywhere. The components c O (λ) and c I (λ) are called the outer function and the inner function of c(λ), respectively. It is known that |c O (λ)| 2 = 2πh(λ) and
The necessary and sufficient condition for (1) to be a canonical representation is c(λ) = Cc O (λ) (Ref. 5) . Therefore the noncanonical property of the representation (1) comes from the inner function, hence the difference between the inverse Fourier transform of the kernel of the canonical representation and the kernel of a noncanonical representation is just the multiplication by a function of unit modulus.
Necessary Condition
A Boson-Brownian motion is defined by a pair of classical Φ-Brownian motions Q s and P t satisfying (on a common dense domain):
We can introduce the representations of white noises as
where q s and p t satisfy
If, in addition, q s , p t satisfy condition (13) below, then one speaks of the Boson-Fock white noise.
Definition 1.
1 Two classical stationary Gaussian processes X, Y admit a joint Boson-Fock representation, if X and Y can be represented by using a Boson-Fock white noise (q s , p t ) as follows:
and
respectively. This representation is called canonical if both (7) and (8) are isomorphic to the canonical representation of X and Y , respectively.
Theorem 1.
1 If X and Y have a joint Boson-Fock representation in the form (7) and (8), then the commutator of X and Y is expressed as
where Θ = (ĜF ) ∨ . In particular Θ is a scalar function.
Proof. It is clear that
Theorem 1 suggests to introduce the class of functions:
Then that [X s , Y t ] belongs to iD is a necessary condition for two given classical processes to have a joint Boson-Fock representation. Besides, for
that [X s , Y t ] belongs to iD 0 is a necessary condition for two given classical processes to have a canonical joint Boson-Fock representation.
In this paper, we assume that X and Y have a scalar commutator and we look for conditions under which they admit a joint Boson-Fock representation.
Scalar Commutators
We put a t = q t + ip t and a † t = q t − ip t , and suppose that
and that the vectors a +n t Φ(n ∈ N) are total in the sense of distributions.
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Lemma 2. If [q s , p t ] = ig(s − t) for a scalar distribution g and (13), then g is a real even function.
we know that g must be real. Moreover,
and, denoting a(ϕ) = ϕ(s)a s ds for any test function ϕ, we deduce from (13) and (15) that
By using this formula, for any test functions ϕ, ψ and χ,
Since [a(ϕ), a † (ψ)] is scalar, we obtain that a(χ)a(ϕ) = a(ϕ)a(χ). Therefore, on the total set of vectors a +n t Φ, one has
This means that g is even.
Proposition 3. Suppose that q s and p t are standard white noises satisfying condition (13), and that [q s , p t ] = ig(s − t) for a scalar distribution g. Then g = δ.
Proof. Because of Lemma 2,
or equivalently
From (16),
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Similarly,Y = (F * p) ∨ =Fp,
BecauseĜ andF are analytic in the upper and lower half-plane, respectively, they do not vanish except for a set of measure zero. Therefore
which is a scalar and therefore, thanks to Proposition 3, we can conclude that
Thus (7) and (8) 
Concluding Remark
The following problem was considered in Ref. (ii) their spectral functions have no zeros on the real axis; then such a reconstruction is possible.
As we have seen in Sec. 2, the condition that the commutator of X and Y belongs to iD 0 is necessary. However, Theorem 4 tells that we can always construct (7) and (8) is canonical, then the other one must be canonical. So it is sufficient to check the canonical property for only one of the representations.
